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ABSTRACT. We show that many notions of topology can be interpreted via

functorial inequalities and how many topological results follow from a simple
calculus of such inequalities.
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1. INTRODUCTION

We refer to [1] for undefined categorical notions. The aim of this paper is
to present categorical methods based on functorial inequalities. These methods
proved extremely useful in the category Conv of convergence spaces (and continu-
ous maps) [7], [8], [13], [14], [28], [30], [27], [31], [32], [29], [33], [26]. Essential to the
approach are objectwise characterizations of morphisms and functors. The spirit of
the method is therefore quite different from the usual viewpoint of category theory.
Of course, objectwise reduction of arguments is not always possible. Its favorable
environment is that of topological categories. They are not, as one might think,
subcategories of the category of topologies with continuous maps, but categories
sharing some important properties with the latter.

Throughout the paper, A denotes a category which is topological over a category
X, with the forgetful functor | - | : A — X. In other words, every structured
source has a unique initial A-lift and every structured sink has a unique final A-
lift. In particular, if B € Ob(A), X € Ob(X()_and f € Homx (X, |B|), then there

exists the unique A-object 7B such that | f B| = X and if f € Homa (A4, B)
1
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(') with |A| = X then ix € Homa (4, <FB) In other words, 73 denotes the
initial object (in A) with respect to f and B. Dually, if A € Ob(A), Y € Ob(X)
and f € Homx (]A],Y), then there exists the unique final A-object ?A, satisfying
\?A| =Y and iy € HomA(?A,B) whenever f € Homa (A, B) with |B| =Y (?).

For each X € Ob(X), the fiber {A € Ob(A) : |A] = X} is a complete lattice [1,
Proposition 21.11] for a partial order (®) defined by

AO > A < ix € HOIHA(Ao,Al).
Therefore for arbitrary A-objects A and B and an X-morphism f : |A| — |B|,
(1) f €Homa(A,B) <— A> ?B — 7A > B.

The equivalences (1) are the essence of the inequality approach. They enable us to
represent various diagrams in terms of inequalities, and to transform many (often
complicated) arguments into a calculus of inequalities. This calculus usually reduces
considerably the complexity of arguments.

The introduction of the notation 78 and 714 respectively for initial and final
objects associated to a structured map are essential to the said calculus.

The aim of the paper is to show that the inequality approach allows a very
convenient formalism in the following particular context. A is topological over X,
all the other considered categories are subcategories of A, and all functors (except
for the forgetful functor onto X) are concrete endofunctors of A, that is, functors
F : A — A such that |Ff| = |f] for every A-morphism f. They are functors that
modify the A-structure but do not affect the underlying X-object. In particular
(concrete endo-) functors depend only on their restrictions to objects and can be
characterized via inequalities.

From now on, functor should be understood as concrete endofunctor of A.

Proposition 1. The following are equivalent:
(1) A map M : Ob(A) — Ob(A) is (the restriction to objects of) a functor;
(2) M is concrete, order-preserving, and

(2) F(ra)y= M (T A);
(3) M is concrete, order-preserving, and

(3) M (TB) = T(MB).

1n the context of the present paper, that is, in a topological category A concrete over X, for
each ¢ € Homa (A, B), there exists exactly one f € Homx (|A[, |B|) such that |¢| = f. Hence, one
can identify [1, Remark 5.3]

Homa (A, B) C Homx (|A], |B])-

Here we use an extension of this abuse of notation to write that an X-morphism f: X — Y is
also an A-morphism f: A — B, where |A] = X and |B| =Y.

2In the sequel, we will frequently use objects like ?A or ?B associated to an A-morphism
f + A — B.They should be understood as associated to the structured maps f : |[A] — Y and
f : X — | B| respectively, where X and Y are the underlying X-objects of A and B. Moreover, A
denotes a fixed topological category (concrete over X) and, even if various subcategories of A are
considered, the notations f A or 73 will always refer to final and initial objects in A.

3Note that [1] uses the inverse order.
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Among such functors, reflectors are those idempotent and contractive (on ob-
jects), and coreflectors are those idempotent and expansive (on objects). Moreover,
if F'is a functor, then the class of A-objects A such that

(4) A<FA

determines a reflective subcategory of A. Analogously, the class of A-objects A
such that

(5) A>TFA

form a coreflective subcategory of A. The associated reflectors and coreflectors can
be explicitly calculated in terms of F. In particular, it is known that (Section 8)
many classical coreflective notions naturally arise as objects satisfying

(6) A> JE(A)

where J : A — J is a reflector and E : A — E is a coreflector (*).
Although the class of objects satisfying (6) is coreflective in A, the functor JE
is not the associated coreflector, but constitutes a natural tool to define the class.

Example 2 (Sequential spaces). Sequential topological spaces are those for which
sequentially closed sets are closed. Hence, considering a topological space X as
a convergence space, X is sequential if X = TSeqX where T : Conv — T is the
reflector on topological spaces (and continuous maps) and Seq : Conv — Seq is the
coreflector on sequentially based convergence spaces (°). Because X is topological,
the equality above is equivalent to X > TSeqX, which extends the notion from
topological spaces to general convergence spaces.

Example 3 (Fréchet spaces). A topological space is Fréchet if every point in the
closure of a subset is the limit of a sequence of points of that subset. The notion of
a Fréchet topological space extends to convergence spaces. A space X is Fréchet if
X > PSeqX, where P : Conv — P is the reflector on pretopological spaces.

Dually, many reflective notions can be characterized via
(7) A<EJ(A)
where J : A — J is a reflector and E : A — E is a coreflector (Section 9).

Example 4. Urysohn sequentially based convergence spaces are those satisfying
X <8SeqP,X where P, : Conv — P, is the reflector on paratopological spaces (in
the sense of [7]).

Example 5. Sequentially based convergence spaces whose convergence of sequences
is induced by a topology are those satisfying X < SeqT X.

Various types of maps can also be characterized via inequalities. In particular,
we study morphisms f : A — B satisfying

(8) B>J(fA)

where J is a functor of A. It was noticed in [7] that (6) is equivalent to the fact
that i : EA — A satisfies (8). Instances of such maps classically used in topology

4Here we apply the convention that the (co)reflector associated to a (co)reflective subcategory
J of A is denoted by the same non bold letter J.

5Sequentially based convergences form a category isomorphic to the category of sequential
convergences, for which the convergence relation is defined only for sequences.
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include quotient, hereditarily quotient, countably biquotient, biquotient and almost
open maps, when J ranges over the reflectors, respectively, T' on topologies, P on
pretopologies, P, on paratopologies, S on pseudotopologies, and the identity I.

As an example of an argument characteristic of the inequality approach, consider
the following.

Theorem 6. Let J be a reflector and E a functor (not necessarily coreflector). If
f: A— B is a morphism satisfying (8) and A satisfies (6), then B satisfies (6) .

Proof. As A > JE(A), we have 7/1 > ?(JEA). Because JFE is a functor,
.

f(JEA)>JE (714) in view of (2). Hence, ?A >JE (7)14), so that J (714) >

— — —
JE (fA) because J is idempotent. Moreover, B > J (fA), and fA > B be-
cause f: A — B is a morphism. Thus B > JE (B). O

In particular, many classical preservation results extend from topological spaces
to convergence spaces and follow from this simple scheme, for example,

The quotient image of a sequential space is sequential,

or

The hereditarily quotient image of a Fréchet space is Fréchet.

Moreover, the interpretation of topological notions like sequentiality and Fréchetness
via (6) and of classes of maps like quotient and hereditarily quotient maps via (8)
gives immediate reconstruction results including, among others,

FEvery sequential space is a quotient image of a first-countable space,

and

Every Fréchet space is a hereditarily quotient image of a first-countable space.

Other instances of problems for which a simple argument involving functorial
inequalities captures a whole family of results include modified continuity (for ex-
ample, sequential continuity versus continuity, Section 12), reconstruction results
in terms of covering maps (Section 11), and results on cartesian-closed hulls and
exponential objects (Section 13).

For example, the classical results of F. Siwiec

A topological space X is sequential (resp. Fréchet, strongly Fréchet) if and only
if every sequence-covering map onto X is quotient (resp. hereditarily quotient,
countably biquotient),

and of F. Siwiec, V. J. Mancuso, A. V. Arhangel’skii and E. Michael gathered
below

A topological space X is a k-topology (resp. k', strongly k', locally compact)
if and only if each compact-covering map onto X is quotient (resp. hereditarily
quotient, countably biquotient, biquotient),

are instances of one simple result by S. Dolecki and M. Pillot [17, Theorem 5.4].

All the examples presented in this paper concern the case where A is the category
of convergence spaces and continuous maps and reflect our research experience, but
we trust that the approach may be useful in other contexts as well.

2. MORPHISMS, INITIAL SOURCES AND FINAL SINKS

As already observed in the Introduction, if A and B are A-objects and f : |A| —
|B| is an X-morphism then

f € Homa (A, B) <~ AZ?B = 7AZB,
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where 7A is defined by the fact that f : A — Bisfinal (in A) if B = TA, and 7B
«—
is defined by the fact that f: A — B is initial (in A) if A = f B. More generally,
—
(fi : A — Bj);er is an initial source if and only if A = \/ f; B; and (f; : A; — B)ier
iel
is a final sink if and only if B= A ?:Az
iel

Notice that the fact that final morphisms (resp. initial morphisms) compose is
expressed in a ”set-like” way in our notation. If the composition go f makes sense,
then

() (go A = F(FA);
(10) 9o f)B = F(FB).

This clearly extends to final sinks (resp. initial sources) in the following way:

(11) Ao A = T\ TiA):

-
(12) \(gioHB:i = f(\/&B).
3. PROJECTORS, COPROJECTORS

As mentioned in the Introduction, our focus is on maps M : Ob(A) — Ob(A)
that preserve the underlying X-objects. For each X-object X, the fiber {A €
Ob(A) : |A] = X} is a complete lattice. If the restriction of M to each fiber is
order-preserving, then we call M a modifier. To study modifiers, we first consider
order-preserving maps g : X — X, where X is a complete lattice.

A subset of a complete lattice is called projective (respectively coprojective) if it
is closed under suprema (respectively, under infima). Let ¢ denote the identity map
of X.

Proposition 7. If X is a complete lattice and g : X — X is an order-preserving
map, then

{9=zi} ={re X :g(x) = a}
is projective, and

{g<if={reX:z<g()}

18 coprojective.

Given a map f : X — X, denote by fixf the set of fixed points of f. It is
straightforward that f is idempotent if and only if f(X) = fixf and that f is ex-
pansive (respectively, contractive) if and only if fixf = {z : f(x) < z} (respectively,
fixf = {z : f(z) > x}). The subset fixf of X is projective if and only if f is
order-preserving, idempotent, and contractive. In this case f is called a projector.
Moreover, each projective subset is the set of fixed points of a unique projector.
Dually, fixf is a coprojective subset of X if and only if f is order-preserving, idem-
potent, and contractive; then f is called a coprojector. Each coprojective subset is
the set of fixed points of a unique coprojector.

By extension, we call a modifier M : Ob(A) — Ob(A) a projector (respectively, a
coprojector) if its restriction to each fiber is a projector (respectively, a coprojector)
in the sense above. A class of A-objects whose trace on each fiber is (co)projective
is called (co)projective, and a modifier M is a (co)projector if and only if fix M =
{A € Ob(A): A= MA} is (co)projective in this sense.
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In Proposition 7, g need neither be the projector on {g > i} nor the coprojector
on {g < i}, but the projector and coprojector can be easily calculated from g (°).
Let g : X — X be an order-preserving map and let a be an ordinal number. If g
is contractive then ¢g¢ is defined by ¢®(z) = g( A ¢°(x)), whereas g* is defined by

B<a

g% (z) = g( \V ¢°(x)) if g is expansive.
B<a

Theorem 8. Let P be a projective subset of a complete lattice X.

(1) The projector p on P is the greatest element of the class of order-preserving
maps g : X — X such that P = {g > i}.
(2) If g : X — X is a contractive and order-preserving map such that P =

{g > i}, then N g° is the projector on P.
a€eOrd
(3) If g: X — X is an order-preserving map such that P = {g > i}, then

N (gri)°

a€eOrd
18 the projector on P.

Proof. 1. Let g be an order-preserving map such that {g > i} = P. As p is
contractive, x > px for every x € X. Hence gz > g(px). Moreover, px € P = {g >
i}, so that g(pz) > px. Hence, gz > px for every z, that is, g > p.

2. If g is contractive then for each = € X, the transfinite sequence (¢*(2))acord is
decreasing. As X is a complete lattice, it cannot be strictly decreasing. Hence, there
exists an ordinal « for which ¢g%(x) = g®*!(z). As an element of fixg, g%(z) belongs
to P and is smaller than z. Hence p(x) > g®(z) by definition of p. Moreover, by 1.,
g > p, so that, by an easy induction g® > p for every o (7). Hence, p(z) = g% (x).

3. It is sufficient to observe that {g > i} = {g A¢ > i} and that g A7 is
contractive. [

Dually,

Theorem 9. Let C be a coprojective subset of a complete lattice X.
(1) The coprojector c on C' is the smallest element of the class of order-preserving
maps g : X — X such that C = {g <i}.
(2) If g : X — X is an expansive and order-preserving map such that C =

{g < i}, then \/ g“ is the coprojector on C.
a€Ord
(3) If g: X — X is an order-preserving map such that C = {g < i}, then

\ (gvie
acOrd

is the coprojector on C.

6In Theorem 8 and Theorem 9 below, (2) is evidently a particular instance of (3). However,
we include (2) because this simplified form is most often used, and because it allows for a more
transparent argument.

7Assume that gf(z) > p(z) for every 8 < o. Then A ¢P(z) > p(z) and
B<a

9 ( A 95(1‘)) > g(p(z))

B<la

because g is order preserving. But p(z) € P = Py so that g(p(x)) > p(x).
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4. FUNCTORS, REFLECTORS, COREFLECTORS
Theorem 10. Let M : Ob(A) — Ob(A) be a modifier. The following are equiva-
lent:

(1) M eatends to a unique functor M : A — A;
(2) for every X-morphism f:|A] =Y

F A= (Fa);
(3) for every X-morphism f: X — |B|
M (TB) = T(uB).

Proof. (1 = 2). By definition of 714, the map f: A — 714 is an A-morphism,
whenever f : |A| — Y is an X-morphism. Since M : A — A is a functor, M f :
—
MA — M(fA)is an A-morphism. In view of (1) and of |M f| = |f], we have
— -
F(MA) > M(T A). N
(2=3). Let f : X — |B| be an X-morphism. Then f : fB — B is an

A-morphism. In view of (1), 7) (?B) > B, and, as M is a modifier,
M (? (73)) > MB.
By 2., f (M (73)) > MB. In other words, f : M (73) — MB is an A-

morphism. In view of (1), we have M <7B> > <?(MB)

(3=1). Let f : A — B be an A-morphism, that is, A > ?B. As M is
a modifier, MA > M(?B) By 3., MA > 7(MB), that is, |f| underlies a

unique A-morphism M f : MA — MB. The fact that M preserves identities and
compositions is clear from (10). O

Corollary 11. A subclass B of Ob(A) determines a full reflective category of A
if and only if it is projective and the associated projector B : Ob(A) — Ob(A) is a
functor.

Proof. A subclass B of Ob(A) determines a full reflective category of A if it is
closed under initial sources. Recall that (f; : A — B;)ier is an initial source if and

only if A =V }TZBZ Assume that B is projective, that the associated projector
il
B : Ob(A) — Ob(A) is a functor and that each B; € B. Hence B; = B(B;) for

each i € I, so that, in view of Theorem 10, B (732) > 7Bi. As B is a projector,

—
f B; € B. Moreover, B is projective, hence closed under supremum. Therefore,

=

A =V f;B; € B. Conversely, if B is a full reflective subcategory of A, then it is
icl

clear that the restriction of the associated reflector to objects is a projector and a

functor. 0

In particular, a modifier is a reflector if and only if it is a projector and a functor.
Of course, Corollary 11 admits a dual statement. In particular, a modifier is a
coreflector if and only if it is a coprojector and a functor.
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5. PROJECTORS AND REFLECTORS IN Conv

A convergence £ on a set X is a relation between points of X and the set FX of
filters on X, denoted z € limgF if (z,F) € &, that satisfies (%)

z € limg {z}!

for every x in X, and
F> G = lim¢F 2 limeG.

A map f: X — Y between two convergence spaces (X, £) and (Y, 7) is continuous
if f(lim¢F) Clim, f(F) for every filter F on X. The category Conv of convergence
spaces and continuous maps is topological over Set. Consider f : (X,¢) — (Y, 7). A
filter F converges to z for the initial convergence 77 if and only if f(x) € lim, f(F)

and G converges to y for the final convergence ?f if there exists F on X and
z € f~!(y) such that z € lim¢F and G > f(F).

A topological space can be considered as a particular convergence space by
declaring that a filter converges to a point if it is finer than the neighborhood
filter of the point. Conversely, a topology is canonically associated to each conver-
gence space: A subset of a convergence space (X, &) is open if it belongs to every
filter that converges to one of its points. Complements of open sets are called closed.
The family O(€) of open sets for £ satisfies the axioms of a topology. This topology
is called the topological modification of & and denoted TE. Let C(£) denote the
family of closed subsets of €. Two families A4 and B of subsets of a set X mesh, in
symbols A#B, if AN B # @ whenever A € A and B € B. When A = {A} consists
of one element, we abridge {A}#B to A#B.

Example 12. The category T of topological spaces (and continuous maps) is a
reflective subcategory of Conv with reflector T. The topological modification (or
reflection) of a convergence £ can be calculated explicitly:

(13) limpeF = () C.
C(§)2C#F

The infimum of all the filters converging to a point x in & is called vicinity filter
of x and is denoted V¢(x). A convergence ¢ is a pretopology [5] if x € lim¢ Ve (x) for
every x € |£|. Of course, each topology is a pretopology, but not conversely. Indeed,
Ve(x) does not need to have a base of open sets (°). The family of open vicinities
of = generates a filter N¢(x), called neighborhood filter of wx. It is the neighborhood
filter of = for T¢.

The adherence (for &) of a family H of subsets of || is the union of limits of
filters meshing with it, i.e.,

adheH = | limeG.
G#H

8{:1:}T is the principal ultrafilter of . More generally, if A C2X, then
Al={BcX:3A€ A, AC B}

9For instance the pretopology on {z™ : n,m € w} U {zy, : n € w} U {oo} defined by V(z™) =
{zm}T for every n and m, V(zn) = {{zn} U{a} : k > p} : p € w}! for every n, and V(oco) =
{{oo} U{z : k > p} : p € w}! is non topological. Its topological modification is the usual Arens
space topology.
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In particular, the adherence adh¢A of a subset A of |{| is the adherence of its
principal filter {A}! = {B C |¢| : A C B}.

Example 13. The category P of pretopological spaces (and continuous maps) is a
reflective subcategory of Conv. The associated reflector P can be characterized by

(14) limpeF = (] adheA.
AH#F

If F€FY and G : Y — FX, then we define the contour of G along F (%) by

A convergence ¢ is called diagonal if z € limg [ G whenever z € lim¢F and
y € lim¢G(y) for every y € |{|. A convergence £ is topological if and only if it
is pretopological and diagonal (e.g., [9]).

Example 14. The class of diagonal convergence spaces is projective but not reflec-
tive [22]. The corresponding projector D is obtained by iteration, as in Theorem
8 (2), of the contractive modifier d defined by x € limgeH whenever there exist a
filter F with x € lim¢F and G : X — FX with y € lim¢G(y) for every y € |€| such

that
-
_’F

Example 15. A convergence € is a pseudotopology [5] if a filter converges to x
whenever each finer ultrafilter converges to x. The category S of pseudotopological
spaces (and continuous maps) is a reflective subcategory of Conv. The associated
reflector S can be characterized by

(15) limgeF = (] limed = [ adheH,
UEU(F) H#F

where U(F) is the family of ultrafilters finer than F.

Equations (13), (14) and (15) can be unified by defining the map Adhy on objects
of Conv via

limagn,e F = ﬂ adhe 7,
II#F

where J is a class of filters [7]. In particular, (15) is recovered when J = F is the
class of all filters; (14) is recovered when J is the class Fy of principal filters, and
(13) corresponds to the case where J is the class of principal filters of closed sets. In
general, the class J can depend on the convergence. Hence, as seen before, we write
J(€) for the set of J-filters on the convergence space (||, €). Consider the following

10Here we follow the terminology of [12]. Contours have been used by many authors, most
frequently without attributing them any name. Frolik calls them sums of filters [19], Cook and
Fischer refer to the compression operator of filters [6], while many other authors refer to the
Kowalsky diagonal operation e.g., [24].
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properties of a class J of filters:

(16a) o< &= I(o) CI()
(16b) 7 J(Adhyg) = ()
(16¢) (G = frgen(sn)

Proposition 16. [7]
(1) If J satisfies (16a) then Adhy is a contractive modifier of Conv;
(2) If J satisfies (16a) and (16b), then Adhy is a projector;
(3) Let f: X —|7|. If I satisfies (16¢), then

Adhy (77) > F (Adhy7) .

Corollary 17. If J satisfies (16a), (16b) and (16¢), then Adhy is a reflector.

A class J of filters is called Fo-composable if RT € J(Y) whenever J € J(X)
and R: X ==Y is a relation.

Corollary 18. Let J be an Fy-composable class of filters independent of the con-
vergence. Then Adhy is a reflector.

«—
If B is an object of a reflective subcategory J of A, then f B is in J, but in
—
general the corresponding projector J does not commute with f. However, many
of the reflectors Adhy have this remarkable property:

Theorem 19. Let J be an Fo-composable class of filters independent of the con-
vergence. Then Adhy is a reflector satisfying

Adhy (77) = (Adnyr)
for each f: X — |7|.
Proof. Let z € lim< F, and let J € J such that J#F. Then f(J)#f(F)

J (AdhyT)

and f(J) € J by Fp-composability. Hence f(z) € adh,f(J) because f(z) €
limaan,-f(F). But f (adh,f(J)) = adh77\7 (e.g., [7]). Hence, z € lim F.
U

Adhy ( TT)

Corollary 20. Let J be an Fg-composable class of filters independent of the con-
vergence. Then Adhy is a reflector preserving initial maps. In particular, if (X, §)
is a subspace of (Y, 1), then (X, Adhg€) is a subspace of (Y, Adhyt).

Corollary 21. If ] is an Fo-composable class of filters independent of the conver-
gence, then Adhy is an extensional (*') reflective subcategory of Conv.

Proof. Note that Conv is extensional, so that for every 7 = Adhj7, there exists a
one point extension 7* in Conv such that every f : & — 7, where £ is a subspace
of ¢ extends to a continuous f* : o — 7*. If moreover £ = Adhj¢ is a subspace of
o = Adhyo in Adhy, then f* : 0 — Adhy (7*) is continuous. Moreover, in view of
Corollary 20, 7 is a subspace of Adhy (7*) in Adhy. O

HRecall that a category is extensional if for every object Y, there exists a one point extension
Y* of Y such that whenever f : X — Y is a morphism, where X is a subspace of Z, the map
f*:Z — Y* that coincide with f on X and sends Z\X on the point Y*\Y is a morphism.
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Let F; denote the class of filters that admit a countable filter base. In [7]
paratopologies were introduced as convergences ¢ satisfying € = Adhy, . Therefore
the category of paratopological spaces, is denoted by either P,, or Adhg,.

Example 22. The categories P of pretopological spaces (and continuous maps),
P, of paratopological spaces, and S of pseudotopological spaces are extensional sub-
categories of Conv.

Finally, the condition of functoriality in Proposition 16 (3) is best possible if J
is independent of the convergence.

Proposition 23. Let J be a class of filters independent of convergence. If there ex-
ists J €J(Y) and f : X — Y such that f~J ¢J(X), then there exists a convergence
T onY such that

“— «—
Adhy ( fT) * F (Adhy7).

Proof. Let Fy be a filter on X such that Fo#f~Jp and fix yo € Y. Since f~Jp ¢
J(X), for every J €J(X) such that J#Fo, there exists a filter M7 such that
Mg#J but My and f~Jy do not mesh. Consider on Y the convergence 7 in
which every point but yp is isolated, and yo € lim, U if there exists J €J(X) such
that J#Fo and U >f(M7) A {yo}'. Then, by definition of 7, z € limAth(7T> Fo
for every z € f~(yo), but x ¢ hm?(Athr)}—O because Jp € J(Y), Jo#f(Fo) and
yo ¢ adh,Jp. U

In view of Propositions 16 and 23:

Corollary 24. Let J be a class of filters independent of the convergence. If there
exists J €J(Y) and f : X — Y such that f~J ¢J(X), then Adhy is a projector but
not a reflector.

Let E denote the class of filters generated by sequences. In view of Corollary 24,
Adhg is a projector but is not a reflector.

6. COPROJECTORS AND COREFLECTORS IN Conv

From the viewpoint of convergence, there is no reason to distinguish between a
sequence (T, )ne and the filter {{z,, : n >k} : k € w}! generated by the family of
its tails. Therefore, we denote the later also by (2, )new-

Example 25. The modifier Seq of Conv defined by
limgeqe F = | ) lime(zn)new
(Zn)new<F
is a coreflector. A convergence & = Seq€ is called sequentially based.

A subset K of |¢] is compact (for §) if limed N K # @ for every ultrafilter U
containing K. Let K(§) denote the family of (principal filters of) compact subsets

of [¢].

Example 26. A convergence & is called locally compact if each convergent filter
contains a compact set. The class of locally compact convergence spaces is coreflec-
tive in Conv and the associated coreflector K is given by

. [ limeF if FOK(E) £ 0
limgce " = { & otherwise
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More generally, following [7], given a class J(-) of filters (possibly depending on
the convergence) that contains principal ultrafilters, we say that a convergence & is
J-based if whenever x € lim¢F there exists a J-filter J < F such that z € lim¢J.
We denote by J' the class of filters that are finer than a J-filter. Sequentially
based convergences are exactly E-based convergences and locally compact conver-
gences are exactly K'-based convergences, where K is the class of principal filters
of compact sets (12).

For every class J of filters, the map Basej is defined on objects of Conv by

limpase,e 7 = | limeJ.

J(€)3TLF
Consider the following properties of a class J of filters:
(17a) o <&{=I(§) CI(o)
(17b) ? J(Baseyé) = J(€)
(17¢) (T ene = 59 ex(7o)

Proposition 27. [7] Let J be a class of filters that contains principal ultrafilters.
(1) If (17a) is satisfied then Basey is an expansive modifier of Conv;
(2) If (17a) and (17b) are satisfied, then Basey is a coprojector;
(3) If (17¢) is satisfied then

—

N
7 (Bases€) > Bases(F).
Corollary 28. If (17a), (17b) and (17¢) are satisfied, then Basey is a coreflector.

Corollary 29. if J is an Fo-composable class of filters that does not depend on the
convergence, then Basey is a coreflector.

Example 30. If J] = F; s the class of countably based filters, then Baser, is the
coreflector on first-countable convergences, or convergences of countable character.

Example 31. IfJ] = Fy is the class of principal filters, then Baser, is the coreflector
on finitely generated convergences.

Example 32. A filter F is called countably tight if whenever A#JF there exists
a countable subset B of A such that B#F. Let Fy,, denote the class of countably
tight filters. It is easy to see that a topology is countably tight (*3) if and only
if all its neighborhood filters are countably tight, that is, if and only if it is Fy,,-
based as a convergence. By extension, we call countably tight convergences that
are Fy,,-based. They form a coreflective subcategory of Conv.

Let D be a class of filters and let (X, &) be a convergence space. A family F of
subsets of X is D-compact at A C X if

D €D, D#F = adhDNA # .

In case A = X, we say that F is relatively D-compact. Notice that if D is Fp-
composable, then a continuous image of a relatively D-compact filter is relatively
D-compact.

121y [7], a convergence is called J-founded if every convergent filter admits a coarser J-filter.
Notice that J-founded convergences are J'-based convergences.
13In the sense that if € clA then there exists a countable subset B of A such that z € clB.
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Example 33 ( g-spaces). Recall that a topological space is a q-space if every point
admits a sequence (Qn)necw 0of neighborhoods such that every sequence (xy,)ney, with
Ty € Qn for every m, has non-empty adherence. In other words, when considered
as a convergence space, a g-space is simply a convergence based in the class Q of
filters finer than countably based and relatively countably compact filters. The class
Q is preserved by continuous maps, and therefore, in view of Corollary 28, the
class of Q-based convergences, or g-convergences, is coreflective. Denote by Q the
associated coreflector.

Example 34 (spaces of pointwise countable type). Recall that a topological space
is of pointwise countable type if every point admits a sequence (Qn)new of neigh-
borhoods such that every filter meshing with (Qn)new has non empty adherence. In
other words, when considered as a convergence space, a space of pointwise countable
type is simply a convergence based in the class Qg of filters finer than countably
based, relatively compact filters. The class Qx is preserved by continuous maps,
and therefore, in view of Corollary 28, the class of Q -based convergences, or con-
vergences of pointwise countable type, is coreflective. Denote by Qk the associated
coreflector.

Finally, the functoriality condition in Proposition 27 (3) is best possible if J is
independent of the convergence.

Proposition 35. Let J be a class of filters independent of the convergence. If
there exists J €J(X) and f : X — Y such that f(J)¢J(Y), then there exists a

convergence £ on X such that

7 (Bases¢) # Basey(F¢).

Example 36. Let Fyy be the class of ultrafilters that are either uniform (**) or
principal. Then Baser,, is a coprojector but not a coreflector.

7. PROJECTORS AND COPROJECTORS IN FUNCTORIAL CONTEXT
Proposition 7 combines with Theorem 10 to the effect that
Theorem 37. Let F be a functor of A. Then
F2l = {Ac Ob(A): FA> A}
determines a full reflective subcategory of A, and
FS' = {AcOb(A): FA< A}
determines a full coreflective subcategory of A.

Proof. As F2! is projective by Proposition 7, it is closed under supremum. If
— —
is a functor then F (fA) > f(FA). If moreover A € F2! then FA > A, so that

F (7A> > <Y(FA) > 7A. Hence 7A € F2I. The proof for F<! is dual. O

In particular, if F is a functor of Conv, convergences of F=! (resp. F<!) are
called F=!-convergences (resp. F<!-convergences). Immediate consequences of
Theorems 8 and 9 are:

Corollary 38. Let G be a reflective subcategory of A.

MRecall that a filter F on X is uniform if every F' € F has the same cardinality as X.
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(1) The reflector G : A — G is the smallest element of the class of functors F
of A such that F2I = G;

Y

(2) If F is a functor of A such that FZ! = G, then
G= )\ (FAD®,

acOrd

where I is the identity functor and F*A = F ( A F5A> .
B<a

If F is a filter on a convergence space (X, £), let adhi]—" be the filter generated
by {adh¢ F : F € F} and more generally let o F = {o(F) : F € F}! if 0 : 2% — 2%,

Example 39. A convergence & is called regular if limg (adhg]: ) =lim¢F for every

F [6]. It is easy to see that a supremum of reqular convergences is again regular so
that the class of reqular convergence spaces is projective. Moreover, & is reqular if
and only if £ < r&, where

lim,¢ F = U lim¢G.
adhig<F

It is straightforward that & > r& for each &, and r(77') > 7(7‘7) for every f : X —
|7], so that r is a contractive functor. In view of Corollary 38, the category R of
reqular convergence spaces is a reflective subcategory of Conv, and the associated
reflector R is obtained by transfinite iteration of r.

Corollary 40. Let C be a full coreflective subcategory of A.

(1) The coreflector C : A — C is the greatest element of the class of functors
F of A such that F<! = C;

b

(2) If F is a functor of A such that F<! = C, then
c= "\ (FvID*,
aeOrd

where I is the identity functor and F*A = F ( \ F5A> .
B<a

Example 41. A convergence is topologically core compact [13] if whenever x €
limeF, for every V. € Ng(z), there exists F € F such that {F}! is compact at
V. Consider the modifier Cx of Conv defined by = € limc, ¢F if x € lim¢F and
for every V€ Ng¢(z) there exists F' € F that is compact at V. The map Ck is
an expansive concrete functor so that FixCy is coreflective. The corresponding
coreflector is obtained by iteration as in Corollary 40.

8. PROPERTIES OF THE TYPE X > JE(X)

Recall that a topological space X is

o sequential if every sequentially closed subset is closed;
e Fréchet if whenever z € X, A C X and x € clA, there exists a sequence
(n)new on A such that z € lim(x,)pew;

o strongly Fréchet if whenever x € [ clA, for a decreasing sequence of
new

subsets A,, of X, there exists x,, € A, such that z € lim(x,)new;
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e bisequential if every convergent ultrafilter contains a countably based filter
that converges to the same point;

o weakly bisequential [23] if whenever x € adhF where F is a countably deep
filter ('°), there exists a countably based filter H#F such that = € lim H.

Hence, a topology £ is sequential if and only if £ and Seq€ have the same closed
sets, that is, T¢ = T'Seq€, and since. £ = T¢ < T'Seq€ for every topology, if and
only if

(18) & > TSeq€.
It is easy to see that (18) is equivalent to
(19) & > TBasey, §.

Moreover, (18) and (19) are meaningful and equivalent for general convergences, and
therefore can be used to extend the definition of sequential spaces from topological
to convergence spaces.

Similarly, a topology ¢ is Fréchet if adhsA C adhgeqeA. In view of (14), this
means that £ > PSeq¢ or equivalently that £ > PBaser, €.

More generally,

J EJ(&) - adh5JCathasem5j

is equivalent to
& > AdhyBasepé.

In particular, the functorial inequality
& > AdhyBasey, &

extends the notions of sequentiality, Fréchetness, strong Fréchetness, weak bisequen-
tiality and bisequentiality from topological to convergence spaces when J ranges
over the classes of principal filters of closed sets, principal filters, countably based
filters, countably deep filters and all filters respectively.

Other classical notions can be characterized by functorial inequalities of the form

(20) £ > JE¢
where J is a reflector and F is a coreflector.

Example 42. The family of Gs-subsets of a topological space (X, &) forms a base
for a (finer) topology called Gs-topology of £. Recall that a topological space is
called a P-space if the topology coincides with its Gs-topology. Hence, a P-space
is a space whose every meighborhood filters is countably deep. In other words, a
topology € is a P-space if and only if £ = Baser, &. It turns out that if £ = T& then
TBasey, & = Baser, & Hence a topology is a P-space if and only if £ > Baser, &,
if and only if ¢ > TBaser, .

The following table (mainly from [7]) gathers classical topological properties than
can be characterized via (20).

I5A filter F is countably deep if (| A € F whenever A is a countable subfamily of F.
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Basey, K Qx Q Baser,
I first-countable locally compact pointwise strict ¢ P—space
countable type
Baser, K Qx Q Baser,
S bisequential locally compact bi—k bi»quasi—k P—space
SBaser, SK SQx SQ SBaser,
Pw strongly Fréchet strongly k/ countably countably P—space
bi—]f bi»quasi»k
P, Baser, P,K P,Qxk P,Q SBaser,
L weakly bisequential ? ? ? P—spacc
LBasey, LK LQ g LQ LBasey,
P Fréchet k/—space singly singly P—space
bi-k bi-quasi-k | PDBaser,
PBasey, PK PQ g PQ
T sequential k—space k-space quasi—k’ P—space
TBaser, TK TQx TQ TBaser,,
Table 1

To our knowledge, the properties of a topology corresponding to
LK=!_convergences, LQ<'convergences and LQIS(I—convergences have not been
considered before. Each row corresponds to a reflector, and each columns to a
coreflector. The order relations between these functors immediately gives how

these notions relate. Indeed, the reflectors involved compare as follows, where an
arrow I — S means I > S.

N
\Pw/

The comparison of two notions in the same column only depends on this ordering
of reflectors. For instance bisequentiality implies Fréchetness because S > P, and
so, & > PBasey, £ whenever £ > SBaser, €. Analogously,

Base;

\QK—>Q
L

The comparison of two notions in the same row depends on this ordering of
coreflectors. For instance strong Fréchetness and strongly &’-ness both imply count-
ably bi-k-ness because Baser, > Qx and K > Q. Hence £ > P,Q k& whenever
¢ > P,Basey, & or € > P,KE.
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9. PROPERTIES OF THE TYPE X < EJ(X)

A convergence space is called countably Choquet [3, page 49] or countably pseudo-
topological if a countably based filter converges to x whenever each finer ultrafilter
does. Evidently, (X, &) is countably pseudotopological if and only if

(21) ¢ < Basey, S¢€.

Recall that a convergence space is Urysohn (16) if a sequence converges to x
whenever every subsequence of £ has a subsequence which converges to = [11]. In
[3], this property is also called sequentially Choquet.

Theorem 43. [15] The convergence Seqé is a pseudotopology if and only if
& < SeqSSeqé.

In particular, the objects of Seq NS are the convergences of sequences that are the
convergence of sequences for a pseudotopology.

Theorem 44. [15] A convergence £ is Urysohn if and only if
¢ < SeqP,Seq€.
In particular, a sequentially based convergence T is Urysohn if and only if
T < SeqP,T
if and only if it is the convergence of sequences for a paratopology.

While the characterization (21) of countably Choquet spaces immediately im-
plies the observation [3] that Choquet (i.e., pseudotopological) spaces are countably
Choquet, the characterization of the Urysohn property obtained above shows that
paratopologies are Urysohn.

The following example improves [11, Example 5.6] which gives a sequentially
based pseudotopological space that is not Urysohn. Indeed, the convergence con-
structed below is also Hausdorff, which was not the case of the cited example.

Example 45. [A Hausdorff non-Urysohn sequentially based pseudotopology] Let X
be a countably infinite set and let oo be an element of X. Consider a free ultrafilter
W and define a convergence & on X in which oo is the only non-isolated point
by lime F = {oo} if F is either the principal ultrafilter of oo or is free and does
not mesh W. The convergence £ is not Urysohn, because each sequence on X
contains a subsequence, the range of which does not belong to W, hence converging
to oo, but the sequence that generates the cofinite filter of X does not converge,
because it meshes W. The convergence £ is a pseudotopology, so that Seqf is also
a pseudotopology in view of Corollary 43, because if oo € limelUd for each ultrafilter
U > F, then for each such U there is Uy € U\W?, hence by the compactness of fw
there exist n < wand Uy, ..., U, finer than F such that Uy, U...U Uy, € .7:\1/\/#
proving that oo € limg F.

Proposition 46. [11] A sequentially based convergence T is the convergence of
sequences for a topology if and only if

7 < SeqT'T.

16This notion is not to be confused with that of a T,1 topological space, sometimes also called
2
Urysohn space. A topological space is T, 1 if two disjoint points always have open neighborhood
2

with disjoint closures (e.g., [18]).
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Proof. If 7 < SeqT'r, then Seqr = SeqT't is the convergence of sequences for a
topology. Conversely, if 7 is the convergence of sequences for a topology o = T'o,
then 7 = Seqo.Applying the idempotent functor SeqT" to each side of the equality,
we get SeqT'T =SeqT'SeqT'c = Seqo. Hence 7 = SeqT'7. O

Because T' < P,,, it is obvious that such convergences must be Urysohn. Among
Hausdorff convergences (but not in general), the converse is true (e.g., [11]). Hence,
in view of Theorem 44, if £ is a Hausdorff paratopology (but not if we only know
that it is a Hausdorff pseudotopology) then the convergent sequences for £, P§ and
T¢ are the same.

10. RELATIVELY QUOTIENT MAPS

We turn to a new notion of quotient relative to a subcategory. If J is a subcat-
egory of A, an X-morphism f : |A| — |B] is called J-final if g : |B| — |C| with
codomain C' € Ob(J) is an A-morphism provided that g o f is. More generally, a
sink (f; : |Ai| — |B|)ier is called J-final if g : |B| — |C| with codomain C' € Ob(J)
is an A-morphism provided that g o f; is an A-morphism for each ¢ in I. A J-final
map need not be an A-morphism (17). Thus we shall distinguish between J-final
maps and J-quotient maps, that is, J-final A-morphisms.

Notice that f is quotient in J if and only if it is J-quotient and has domain and
codomain in Ob(J).

This fact allows for instance to extend the notion of topological quotient to the
category Conv of convergence spaces and continuous maps. Indeed, a quotient map
between topological spaces is a quotient morphism in the category T of topological
spaces and continuous maps. A T-quotient need not have topological domain and
codomain.

Analogously, it is known from [21] by D.C Kent that a map between topological
spaces is biquotient if and only if it is quotient in the category S of pseudotopological
spaces and that it is hereditarily quotient if and only if it is quotient in the category
P of pretopological spaces. Hence, S-quotient and P-quotient extend to Conv the
classical topological notions of biquotient and hereditarily quotient maps. Moreover
Conv-quotients and P,,-quotient extend to Conv the notions of almost open and
countably biquotient maps [7].

The notion of final map with respect to a reflector admits an objectwise reduction
too.

Proposition 47. Let J be a concretely reflective subcategory of a topological cate-
gory (A,|-|). The following are equivalent:
(1) (fi : A; — B)ier is J-final in A;
—
(2) B> J(}/\IfiAi)Q
1€
(3) (Jfi:JA; — JB)er is final in J.

Proof. 1 = 2: Assume that (f; : A; — B),ey is J-final. Let g denote the identity-

carried map from B to J( A E}Ai). The composites g o f; are morphisms because
R R el _

N fidi > J(A\ fiA;). Thus g is a morphism so that B > J( A\ fiA:).

iel i€l iel

17For instance, pick a (concrete) functor F of A and an object A such that A < FA. Then the
—
identity carried map i : |A| — |FA| is an upper F-map because ¢ A = A but it is not a morphism.
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2 = 3: Assume that g : JB — C = JC is such that go (Jf;) : JA — Cis a
— —
morphism for every i. In view of 2, JB > J( A\ fi A:). Thus gJB > g J( A\ fi As).
icl iel
By Theorem 10, §JB > JG (A f: A:), so that §JB > J(Ago fiA;) by (11).
i€l el
Since each go (Jf;) : JA; — C is a morphism, ¢'JB > C and g is a morphism.
3 = 1. Assume that ¢ : B — C = JC is such that all go f; : A; —
- -
C' are morphisms. In other words, Ago fi(A;) > C. Since Ago fi(JA;) >
i€l el
N\ Jg o fi;A; because of Theorem 10 and A Jgo f;A; > J( A\ go fiA;), we conclude
iel il iel
that A go fi(JA;) > C. Consequently, ¢ (JB) > C because (Jf; : JA; — JB)ier
iel
is final in J. Hence, ¢ B > C so that ¢ is a morphism. (I

In particular,

Corollary 48. If J is a reflective subcategory of A, then f: X — Y is J-final if
and only if

(22) Y > J(fX).

The inequality (22) is meaningful for any (concrete endo-) functor J of A. An
X-morphism f : |X| — [Y] is an upper J-map provided that (22) holds. Notice that
an upper J-map need not be an A-morphism. Thus, we shall distinguish between
upper J-maps and upper J-morphisms. A map is an upper J-morphism if it is an
upper J-map and an A-morphism.

Analogously, a X-sink (f; : |4;| — | Bl)ier is an upper J-sink provided that

B> J(N\TiA).
il
Hence, Proposition 47 states that for a (concretely) reflective subcategory J of A,

upper J-sinks and J-final sinks coincide. This coincidence turns out to be very
useful because of the following preservation property of upper J-maps.

Theorem 49. Let F and M be two functors of a topological category A such that
MF > F. Then each upper M-map with F<'-domain is an upper F-map. In
particular, each upper M-morphism maps F<!-objects on F<!-objects.

Proof. Let f: X — Y with X > FX and Y > M(fX). Then fX > f(FX). As
— —
Fis a functor, f X > F f X, by Theorem 10. Applying the functor M, we obtain

M(FX)>MF(fX)>F(fX).

AsY > M(TX), we conclude that Y > F(?X)

If moreover f is a morphism then 7X > Y. Consequently, Y > F(?X) >
FY. O

Corollary 50. Let J be a reflective and E a coreflective subcategory of a topological
category A. Each J-quotient image of a JES!-object is also a JES! -object.

Proof. Take M = J and F = JE in Theorem 49. By Proposition 47, upper J-
morphisms and J-quotients coincide. ([
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Recall (from Section 8) that many topological notions can be characterized as
JE="_objects in Conv for various instances of J and E. Hence, Corollary 50 takes
all its sense in view of Table 1: each property of a given row is preserved by the class
of maps corresponding to this row (a fortiori to a higher row). Hence the Conv
counterpart [7, Theorem 4.2] of Corollary 50 recovers many classical preservation
theorems.

Proposition 51. Let J be a reflective and E a coreflective subcategory of a topolog-
ical category A. Fach upper JEJ-morphism is J-quotient with a JEJ=! -codomain.
In particular, an upper JEJ-morphism with codomain in J is J-quotient with a
JE=!_codomain. Conversely, a J-quotient map with a JEIS! -codomain is an up-
per JEJ-morphism.

Proof. Let f : X — Y be an upper JEJ-morphism. Then 7X >Y >JEJ (7)() .

Therefore, Y > JEJY and, since E > I and J is idempotent Y > J (?X) . Hence

f is J-quotient with a JEJ=!/-codomain. Conversely, if f : X — Y is such that
— —
Y > JEJY and fXZY2J(7X),thenY2JEJ(fX). O

Corollary 52. Let J be a reflective and E a coreflective subcategory of a topological
category A. Let f : X — Y where Y is a J-object. Then f is an upper JEJ-
morphism if and only if f is J-quotient and Y is a JE=!-object.

For instance, in Conv, a map f with a pseudotopological range is biquotient
with bisequential range if and only if it is an upper SFirstS-morphism; biquotient
with a bi-k range if and only if it is an upper SQ g S-morphism, etc. If the range is
paratopological, then f is countably biquotient with strongly Fréchet range if and
only if it is an upper P, FirstP,-morphism; countably biquotient with a strongly &’
range if and only if it is an upper P, K P,-morphism, etc. If the range is topological,
then f is quotient with sequential range if and only if it is an upper TFirstT-
morphism; quotient with k-range if and only if it is an upper T KT-morphism;
quotient with quasi-k range if and only if it is an upper T'QT-morphism, etc.

If J is a given subcategory of A, then a question arises for what functors F' of
A do J-quotient maps and upper F-morphisms coincide.

Proposition 53. Let J be a subcategory of a topological category A and let F' be
a (concrete endo-) functor of A. The following are equivalent.

(1) Fach upper F-map is J-final;

(2) JCcF=L

Proof. Let X be a J-object. The identity carried map ix px : X — FX is an upper
F-map. By assumption, it is also a J-final map. Hence, the identity carried map
iFx,x is a morphism because the composition ix =irx xoix rpx is a morphism.
Thus, FX > X and J C F=1,

Conversely, assume that J ¢ F2! and let f : X — Y be an upper F-map.
Consider a J-object Z and a map g : ¥ — Z such that go f : X — Z is a

—_— —_—
morphism. In other words, (go f) X > Z. By isotony of F, F(go fX) > FZ.

. — — . -
As Fis a functor, g(F f X) > F(go fX) > FZ. By assumption Y > F f X and
FZ > Z so that gY > Z. Thus g is a morphism and f is J-final. O

Corollary 54. Each upper F-map is FZ!-final.
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As observed in Theorem 49, if M F' > F, then each upper M-map with domain
in F2! is an upper F-map, hence a FZ/-final map. In case M is a reflector J and
F = JFE where E is a coreflector, we get

Corollary 55. Let J be a reflective subcategory and let E be a coreflective subcate-
gory of a topological category A. Assume that X is a JES! -object. Then f: X — Y
is J-quotient if and only if for every JE=! -object (equivalently every J-object) Z,
a map g:Y — Z is a morphism provided that g o f is a morphism.

If f is an upper J-map with the domain in JE=! then it is a JEZ!-final map.
Once again, the duality between properties which are characteristic of F<! and F=/-
objects appears in the characterization above of J-quotient maps: If a J-quotient
map has a domain in JES!, the universal property defining J-quotient is not only
true for maps g with the codomain in Ob(J) but more generally for maps with the
codomain in JE=.

Proposition 56. Let F': A — J be a functor of A valued in J. The following are
equivalent:

(1) Upper F-maps and J-final maps coincide;

(2) Upper F-morphisms and J-quotients coincide;

(3) F is contractive and J C F=1.

Proof. 1 = 2 follow from the definitions.

2 = 3. Each identity map ¢x is J-quotient. Thus it is an upper F-morphism,
so that X > FX and F' is contractive. Hence, in the proof of Proposition 53, iz rz
is not only an upper F-map but an upper F-morphism. Its J-quotientness leads to
JcF2L

3 = 1. By Proposition 53, each upper F-map is J-final. Consider a J-final
map f : X — Y. Notice that F (?X) is a J-object because F' : A — J. The

identity carried map 4 is a morphism because the composite iy F (7 X) of:

YFfX
— — —

X —-F (f X) is a morphism. Indeed, f X > F (f X) because F' is contractive.

Thus Y > F (7){). O

We gather without proofs the dual notions and results.

If E is a subcategory of A, a source (f; : |A] — |Bi|)ier is called E-initial if a
map g : |C|] — |A| with domain in E is an A-morphism provided that f; o g is an
A-morphism for each 7 in I. An E-initial map need not be an A-morphism.

Notice that f is initial in E if and only if it is an E-initial morphism with domain
and codomain in E.

Proposition 57. Let E be a coreflective subcategory of a topological category A.
The following are equivalent:

(1) (fz A — Bi)iEI 18 E-zmtml,

«—
(2) E( vaiBi) > A;
i€
(3) (Ef; : FA — EB;)cr s initial in E.
In particular, if E is a coreflective subcategory of A, f : X — Y is E-initial if

and only if

B(FY)>X.
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Let F denote a functor of A. An X-morphism f : |X| — [Y| is a lower F-map
provided that
-
F(fY) = X.
Notice that a lower F-map need not be an A-morphism. Thus, we shall distinguish
between lower F-maps and lower F-morphisms. Analogously, a X-source (f; :
|A| — |B;|)s is a lower F-sink provided that

E(\/}TZBZ) > A
I

Theorem 58. Let F' and M be two functors of a topological category A such that
F > MF. Then each lower M-map with the codomain in FZT is a lower F-map.
In particular, each lower M-morphism with the codomain in FZ1 has a domain in
Fz!.

Corollary 59. Let J be a reflective and E a coreflective subcategory of a topological
category A. Each E-initial morphism inversely preserve EJ=! -objects.

Proposition 60. Let J be a subcategory of a topological category A and let F' be
a functor of A. The following are equivalent.

(1) each lower F-map is E-initial;

(2) EcC F=L

Corollary 61. Let J be a refiective subcategory and let E be a corefiective subcate-
gory of a topological category A. Assume that X is a EJ=!-object. Then f: X — Y
is an E-initial morphism if and only if for every EJSI-object (equivalently every
E-object) Z, a map g : Z — X is a morphism provided that f o g is a morphism.

Proposition 62. Let F: A — E be a concrete functor. The following are equiva-
lent:

(1) Lower F-maps and E-initial maps coincide;

(2) Lower F-morphisms and J-initial morphism coincide;

(3) F is expansive and J C F<1,

11. COVERING MAPS

Recall that a continuous map f : X — Y between topological spaces is sequence-
covering if for every sequence (yy,)new convergent to y in Y, there exists a sequence
(Zn)new in X convergent to x such that f(x) =y and f(x,) = y,. We gather [35,
Theorems 4.1, 4.2, 4.4] of F. Siwiec in the following

Theorem 63. A topological space X is sequential (resp. Fréchet, strongly Fréchet)
if and only if every sequence-covering map onto X is quotient (resp. hereditarily
quotient, countably biquotient).

Before showing that these three theorems not only extend to arbitrary conver-
gence spaces, but are special cases of a single abstract result, let us consider another
group of analogous results.

A continuous map f: X — Y is compact-covering if for every Y-compact set K,
there exists a X-compact set C' such that f(C') = K. Analogously to Theorem 63,
the following theorem gathers results of F. Siwiec and V. J. Mancuso [36], A. V.
Arhangel’skii [2], E. Michael [25, Lemma 11.2] and F. Siwiec [35] follows from the
same abstract result as Theorem 63.
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Theorem 64. A topological space X is a k-topology (resp. k', strongly k', lo-
cally compact) if and only if each compact-covering map onto X is quotient (resp.
hereditarily quotient, countably biquotient, biquotient).

We shall see that Theorems 63 and 64 follow both from a single abstract result
(Theorem 65).
It was observed [17] that f : (X, &) — (Y, 7) is sequence-covering if and only if

—

Seqr > f (Seqf).
This inequality is meaningful for arbitrary convergence spaces (X, ) and (Y, 7) and
will define a sequence-covering map in Conv. Analogously [17, Proposition 5.3],

Kr> ?(Kf) = f:X — Y is compact-covering = K7 > S?(Kﬁ).
Let J be a reflector and let F be a coreflector of A. A map f: X — Y is called
[17] E-relatively J-map if Ef is an upper J-map, that is, if
EY > Jf (EX),
and weakly E-relatively J-map if f: X — EY is an upper J-map, that is, if
EY >J (7){) .

The following extends [17, Theorem 5.4] from the category Conv to an arbitrary
topological category.

Theorem 65. Let E be a coreflective subcategory and let I C D be two reflective
subcategories of a topological category A. The following are equivalent:

(1) X is a JES!-object;

(2) every E-relatively D-map onto X is an upper J-map;

(3) every weakly E-relatively D-map onto X is an upper J-map.

Proof. 1 = 3. Assume that f: Z — X is a weakly E-relatively D-map , that is,
— —
EX > D ( fZ) . Hence JEX > JD ( 7 Z) . By assumption, X > JEX so that

X >JD (72) . Hence, X > J (72) because D > J.
3 = 2 because every E-relatively J-map is a weakly E-relatively J-map.

2= 1.If X # JEX then i: EX — X is a E-relatively D-map which is not a
J-map. O

Equivalence between the two first points above recover Theorem 63 when D = I,
FE = Seq and J runs over T, P, P,,. If D is either I or S, £ = K and J runs over
T,P,P,,S then Theorem 64 is recovered. Moreover, both theorems are generalized
because the class of weakly F-relatively D-maps is essentially broader than that of
E-relatively D-maps [17, Example 5.6].

12. MODIFIED CONTINUITY

It is well known (e.g., [18]) that a sequentially continuous map between two
topological spaces is continuous provided that the domain is a sequential space.
We shall see that this classical fact not only extends to Conv but is an instance of
a general but simple scheme.

Let F be a (concrete endo-) functor of a topological category A. If an X-
morphism f : |A] — |B| is such that f : FA — FB is an A-morphism, then f
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is called an F-morphism. In this section, we are interested in conditions ensur-
ing that an F-morphism is a morphism (in A). Of course, sequential continuity
corresponds to F' = Seq.

Proposition 66. Let F' be a (concrete endo-) functor of a topological category A.
If A is an F<'-object and B is an F21-object, then f : A — B is a morphism
whenever it is an F-morphism.

—

Proof. As f is an F-morphism, F'B < f (FA). Under our assumptions
— —
B<FB< f(FA) < fA,

so that f: A — B is a morphism. |

Each J-object is a JEZ!-object, and each E-morphism is also a JE-morphism.
Hence Proposition 66 particularizes to the following if ' = JFE, where J is a reflector
and E a coreflector.

Corollary 67. Let E and J denote respectively a coreflective and a reflective subcat-
egory of a topological category A. Each E-morphism with the domain in JES! and
with the codomain in JEZI(m particular with the codomain in J) is a morphism.

When F = Seq and J runs over T, P, P,,, S, we obtain

Corollary 68. (1) A sequentially continuous map from a sequential conver-

gence to a TSquI-convergence (in particular a topology) is continuous;

(2) A sequentially continuous map from a Fréchet convergence to a PSeq=! -
convergence (in particular a pretopology) is continuous;

(3) A sequentially continuous map from a strongly Fréchet convergence to a
PwSquI—convergence (in particular a paratopology) is continuous;

(4) A sequentially continuous map from a sequentially based pseudotopology to
a SSeq=" -convergence (in particular a pseudotopology) is continuous.

A convergence space is sequentially determined if a countably based filter con-
verges to x whenever each finer sequence does.

One of the main motivations for the introduction of sequentially determined
convergence spaces by R. Beattie and H.P. Butzmann in [4] is that in general
sequential continuity of a map between two convergence spaces does not imply
continuity, even if these convergence spaces are first-countable. However

Theorem 69. [4, Theorem 2.10] If (X, &) is first-countable and (Y, T) is sequentially
determined, then f : (X,&) — (Y,7) is continuous if and only if it is sequentially
continuous.

Among the large classes of convergence spaces shown to be sequentially deter-
mined are all first-countable pretopological spaces, second-countable convergence
spaces and web-spaces (see [4] and [3]). It is interesting to note that every first-
countable convergence is Fréchet and every first-countable pretopological space
(even every pretopological space!) is a PSqul-convergence. Hence Corollary 68
(2) gives a useful alternative to [4, Theorem 2.10]. However,

Proposition 70. Every PSeq=!-convergence is sequentially determined.
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Proof. If F is countably based, then F = A (z,)n. If each (z,), finer than
(In)nZ]:
F converges to x for &, then F = A  (z,), converges for PSeq, hence for &
(zn)nzf
because PSeqf > €. O

This fact justifies a closer look, taken in [15], at sequentially determined conver-
gences as well as the range of [4, Theorem 2.10].

13. EXPONENTIAL OBJECTS

The continuous convergence [£,o0] on the set of continuous maps from a con-
vergence space (X,€) to another (Y,o) is the coarsest convergence making the
evaluation map ev : £ x [¢,0] — o jointly continuous (!®). Therefore the category
Conv is cartesian-closed. In particular,

(23) £ x70] =[r,[¢, 0]

for every convergence spaces &, 7,0, where the equality means that the exponential
map exp : [€ X T,0] — [1,[¢,o]] defined by exp f(y)(x) = f(x,y) is a bijection
(actually a homeomorphism). A reformulation of the definition of continuous con-
vergence that is more in line with our approach is that [£, o] is the coarsest of the
convergences 7 on |[£, 0| satisfying

(24) ExT>ev(o).

This formalism leads to a simple and elegant proof of the fact, often proved in a more
technical way (e.g., [20], [3, Theorem 1.5.5]), that the continuous convergence is
pseudotopological whenever ¢ is. Indeed, it is easy to see that the pseudotopologizer
S commutes with arbitrary products (1), so that, in particular

(25) EXST> 8 xT)

for every pair of convergences &, 7. Now, by definition, & x [¢, 0] > év (0). Applying
the reflector S to this inequality yields

£ x (6,0 > S (€ x [€,0]) > S (5T0)

Since S is a functor, S (évo) > év(So), so that, under the assumption that

o = So, we obtain
§x S[g,0] > €v (o).

But the continuous convergence [, o] is the coarsest convergence that satisfies (24).
Hence [£,0] < S[€, 0] and [€, o] is pseudotopological. The same simple proof gives
(1) = (2) in the following particular case of [28, Theorem 3.1], and (2) = (1) is
a simple application of the exponential law (23).

Proposition 71. Let L be a refiector of Conv. The following are equivalent:

18Explicitely7 [ € lim 5 F iff for every = € |€] and every filter G converging to z for &, we
have f(z) € lims ev(G X F).
19The argument is essentially that of the ultrafilter proof of the Tychonoff theorem:
Assume (z;);cr € lim I se; F and let U be an ultrafilter finer than F. Then for each i € I,
i€l

the filter p;i{ is an ultrafilter finer than p;F, so that z; € limg, p;i. In other words, (z;)ier €
lim [} ¢, U so that (z;)icr € lim F.
i€l S( I §i>
icl
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(1) & satisfies
EX LT > L(EXT)
for every convergence T;

(2) L, o) > [€, 0] for every o = Lo.

Proof. (2) = (1). Because L is a reflector, to show that & x LT > L(§ x 1) for
every 7, it is sufficient to show that every continuous map f : £ X7 — o = Lo is also
continuous from & x L7 to 0. If f : £ x 7 — o is continuous, then exp f : 7 — [§, 0] is
also continuous, so that exp f : LT — L[¢, o] is as well. But L[, o] = [{, 0] so that
exp f : LT — [£, 0] is continuous. In other words, f : £ x LT — o is continuous. O

In particular, as already observed by F. Schwarz [34], if L is a reflective and
finally dense (20) subcategory of Conv, then £ = L is exponential in L if and only
if
(26) EXLT>L(EXT)

for every convergence space 7. This approach to characterizing exponential objects
in various subcategories of Conv proved particularly fruitful [13], [28], [33]. In
particular, functorial inequalities such as (26) can be proved for a general func-
tor L = Adhjy, providing unified characterizations of exponential objects in the
categories T, P and P, [33].

Also, the well-known connection between exponentiality and quotientness of
product maps is particularly easy to interpret in this formalism: if £ satisfies (26)
for every 7 and f : 7 — o is an upper L-map, then

5xa2§xL(7’7)2L(§X7T)ZL(¢5—><J’P(5><T))

so that 7¢ X f is also an upper L-map. Conversely, if i¢ x f is also an upper L-
map for every upper L-map, then in particular the product of i¢ with each identity
carried upper L-map i, ;. : 7 — L7 is an upper L-map, which rephrases as (26).
As already observed in [31], the considerations above extend to more general
categories. More specifically, consider the case of a topological construct A that has
function spaces in the sense of [1] (*!). Given two A-objects A and B, we denote by
[A, B] the canonical A-object on Homa (A, B). Then [A, B] is the coarsest A-object
on Homa (A, B) making the evaluation ev : A x [4, B] — B a morphism. In other
words, [A, B] is the coarsest of the A-objects C' such that |C| = Homa (4, B) and

(27) Ax C > éuB.
In such a category
(28) [Ax B,Cl =B, [A,C]]

where the equality stands for isomorphism via the exponential map exp : [A x
B,C] — [B,[A,C]] defined by (exp f) (b)(a) = f(a,b). Moreover, each functor
(A x o) preserves final sinks. In particular,

(29) iax f(AxB)=Ax fB.

Since the Set-map g x f : |A x B| — |C x D] factors into (g X |ip|) o (|ia] x f)
and in view of (9), we also have

(30) gx f(AxB)=TgAx fB.

2lthat is, a topological category over Set, which is additionally concretely cartesian-closed.
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We provide here generalizations of results from [31] with the hope that the reader
will find applications in categories different from Conv.

Theorem 72. Let F' and L be two functors of A. Then
CxLB>F(AxB)
for every B > LB if and only if
iacX f:AXxB—CxD

is an upper F-map for every upper L-morphism f: B — D.

N -
Proof. In view of (29), we have F (z’A x f(Ax B)) = F(A x f B). Moreover,
?B >D> L?B because f is an upper L-morphism, so that

F(Ax fB)<CxLfB<C xD.

Hence i4,c X f: Ax B — C x D is an upper F-map.
Conversely, the identity carried map ¢ : B — LB is an upper L-morphism
whenever B > LB, so that i4.c Xi: AXx B — C x LB is an upper F-map, that is,

F(Ax B)<C x LB.
O

Theorem 73. Let L be a functor of A and F be a reflector of A. The following
are equivalent:
(1) A satisfies
A X LB > F(Ax B)

for every A-object B;
(2) L[A, R] > [A, R] for every F-object R.

Proof. Assume that F'(A x B) < A x LB for every A-object B. In view of (27), we
have

evR < A x [A, R)
for every R < F'R. Applying the functor F' to this inequality, we obtain
F(&vR) < F(Ax[A,R]).

By assumption F' (A x [A, R]) < Ax L[A, R]. Moreover, F (€vR) > év(F R) because
F' is a functor, and FFR > R, so that

E0R < A x L[A,R].

By definition [A, R] is the coarsest A-object satisfying this property. Hence [A, R] <
L[A, R].

Conversely, consider the identity carried morphism i : Ax B — F(Ax B). In view
of (28), the map expi : B — [A, F(A x B)] is a morphism. By functoriality of L, so
isexpi: LB — L[A, F(A x B)|. By assumption, L[A, F(A x B)] > [A, F(A x B)]
so that expi : LB — [A, F(A x B)| is a morphism. Since exp is an isomorphism,
i: AXx LB — F(A x B) is a morphism. Hence A x LB > F(A x B). O
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